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Abstract
The k-dimensional folded Petersen graph, FPk , is an iterative Cartesian product on the simple Petersen graph. As an essential
component of folded Petersen cube, folded Petersen graph has many important properties. In this paper, we prove that the 3k-wide
diameter and 3k-fault diameter of k-dimensional folded Petersen graph is either 2k + 1 or 2k + 2. Furthermore, we show that FPk
is interval monotone.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Network topology is a crucial factor for interconnection network since it determines the performance of the network.
In order to evaluate the performance of a network topology, we can consider the following measures: connectivity,
diameter, wide diameter, fault diameter, and fault-free Hamiltonian. In this paper, by a graph G = (V ,E), we always
mean a simple connected graph with vertex set V and edge set E. In this paper, |L| denotes the length of path L, and
d(i, j) is the length of the shortest path between any two vertices i and j . We follow [3] for graph theoretical and
notion not deﬁned here.
Wide diameter and fault diameter were ﬁrst proposed in [8]. If the connectivity of G is k(G) = k, from Menger’s
theorem, for any pair of vertices, say x and y, we ﬁnd k disjoint paths (i.e. with disjoint vertices except for the extremities)
such that the longest path length of k disjoint paths is minimum, denoted by dk(x, y), among all possible choices of k
disjoint paths. The k-wide diameter dk(G) is deﬁned as the maximum of dk(x, y) over all x, y ∈ V . For any subset of
V , say S, if |S|k − 1, the k-fault diameter is the diameter of G − S, denoted by Dk(G).
The Petersen graph was introduced by Chartand and Wilson [5] in 1985. It is one of the most remarkable of all graphs
(see [7, 4.4]). A Petersen graph with 10 vertices has an outer 5-cycle and an inner 5-cycle and 5 spokes joining them,
denoted byP (Fig. 1). We also know thatP is 3-regular and k(P )=3, d(P )=2,where k(P ), d(P ) are connectivity and
diameter of P , respectively. In 1996, Öhring and Das introduced a Cartesian product on the simple Petersen graph P
(see [10]). For any positive k, k2, the k-dimensional folded Petersen graph, denoted by FP k =P × P · · · × P
︸ ︷︷ ︸
k times
=P ×
FP k−1FP k , is the iterative Cartesian product on the Petersen graph P . For every i ∈ {0, 1, . . . , 9}, let iFP k−1
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Fig. 1. The Petersen graph.
denote the subgraph of FP k induced by the vertex set {ixk−2xk−3 . . . x0|xj ∈ {0, 1, . . . , 9}, 0jk − 2}. Thus,
FP k is recursively constructed from iFP k−1 for 0 i9. For any two vertices x, y of V (FP k), x = x1x2 . . . xk ,
y = y1y2 . . . yk , if x and y are both in V (iFP k−1), then x and y are adjacent if and only if x2 . . . xk and y2 . . . yk are
adjacent in FP k−1, otherwise, x and y are adjacent if and only if x1 are adjacent to y1 in P and x2 . . . xk = y2 . . . yk .
From the construction of Petersen and folded Petersen graphs, we know that any vertex of V (iFP k−1) has 3(k − 1)
adjacent vertices in iFP k−1, and other three adjacent vertices are in V (jFP k−1), where i and j are adjacent in P .
Folded Petersen cube is an important competitor of the hypercubes, and they have many topological properties prior
to hypercubes (see [10]). Folded Petersen graph is an essential component of folded Petersen cube; in this paper, we
obtain the wide diameter and fault diameter of this graph, and we also show that it is interval monotone.
2. Main results
For any graphG1 andG2, the Cartesian product ofG1 andG2, denoted by vertex setG1×G2, is the graphwith vertex
set V (G1) × V (G2) such that two vertices (u1, u2) and (v1, v2) are adjacent if and only if either u1 = v1 with u2v2 ∈
E(G2) or u2=v2 with u1v1 ∈ E(G1). From the deﬁnition of Cartesian product, we have d(G1×G2)=d(G1)+d(G2).
A graph is maximum point-connected (in short, max-k) if k = [2q/p], where p = |V |, q = |E|, and k = k(G) is the
connectivity of G. In [6], the relation between connectivity of G1 × G2 and Gi (i = 1, 2) was given as follows:
Lemma 2.1 (Chiue and Shieh [6]). If Gi are max-k and regular for i = 1, 2, then (G1 × G2) is max-k.
From the deﬁnition of Petersen graph P , P is a max-k and a regular graph. From Lemma 2.1 and the construction
of FP 2, FP 2 is also a max-k and regular graph. FP k is recursively constructed from P , so FP k is 3k-regular,
d(FP k) = 2k, (FP k) = 3k.
Lemma 2.2. For any k-regular and k-connected graph G, dk(G)d(G) + 1, where dk(G) and d(G) are k-wide
diameter and diameter of G, respectively.
Proof. Suppose x and y are two vertices in V (G) and the distance between x and y is d(G). Let z be a vertex in N(y),
where N(y) is the adjacent set of y. Then for any k internally vertex-disjoint paths between x and z, there must exist a
path L from x to y and ﬁnally to z. By the deﬁnition of wide diameter, we have dk(G) |L|d(G) + 1. 
It follows from Lemmas 2.1 and 2.2 that d3k(FP k)2k + 1.
Theorem 2.1. d6(FP 2)6.
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Proof. For any two vertices x and y in V (P ), if x and y are adjacent, then there exist three internally vertex-disjoint
paths, and their lengths are one, four, and four, respectively. When x and y are not adjacent, the lengths of the three
paths between x and y are two, three, and three respectively. So d3(P ) = 4. For any two vertices in FP 2, three cases
arise:
Case 1: Two vertices in iFP 1 (0 i9). Without loss of generality, suppose x and y are all in 0FP 1, x=0u, y=0v.
In P there exist three internally vertex-disjoint paths between u and v, and the lengths are at most four. Accordingly,
add 0 to the left of every vertex in the three paths to form paths between x and y in 0FP 1. Moreover, there are three
other paths: from 0u to 1u, 4u, 7u, then to 1v, 4v, 7v by a shortest path in iFP 1 (i = 1, 4, 7), respectively, and ﬁnally
to 0v. Since there exist six internally vertex-disjoint paths between x and y, so d6(x, y)4.
Case 2: x ∈ iFP 1, y ∈ jFP 1, d(i, j) = 1, x = iu, y = jv.
Case 2.1: d(i, j) = 1 and d(u, v) = 0. Suppose x = 00, y = 10. There exist six paths from x to y: 00, 10;
00, 40, 50, 60, 20, 10; 00, 70, 80, 90, 10; 00, 04, 14, 10; 00, 07, 17, 10; 00, 01, 11, 10.
Case 2.2: d(i, j) = 1 and d(u, v) = 1. Suppose x = 00, y = 11. There exist six paths from x to y: 00, 10, 11;
00, 40, 41, 51, 91, 11; 00, 70, 71, 61, 21, 11; 00, 01, 11; 00, 04, 14, 13, 12, 11; 00, 07, 17, 18, 19, 11.
Case 2.3: d(i, j) = 1 and d(u, v) = 2. Suppose x = 00, y = 12. There exist six paths from x to y: 00, 10, 11, 12;
00, 40, 50, 90, 91, 92, 12; 00, 70, 60, 20, 21, 22, 12; 00, 01, 02, 12; 00, 04, 14, 15, 16, 12; 00, 07, 17, 18, 13, 12.
In case 2, we have d6(x, y)6.
Case 3: x ∈ iFP 1, y ∈ jFP 1, d(i, j) = 2.
Case 3.1: d(i, j) = 2 and d(u, v) = 0. Suppose x = 00, y = 20. We consider the following paths between x and y:
00, 01, 11, 21, 20; 00, 04, 14, 24, 20; 00, 07, 17, 27, 20; 00, 10, 20; 00, 40, 50, 60, 20; 00, 70, 80, 30, 20.
Case 3.2: d(i, j) = 2 and d(u, v) = 1. Suppose x = 00, y = 21. We consider the following paths between x and y:
00, 10, 20, 21; 00, 40, 41, 51, 61, 21; 00, 70, 71, 81, 31, 21; 00, 01, 11, 21; 00, 04, 14, 24, 25, 29, 21; 00, 07, 17, 27,
26, 22, 21.
Case 3.3: d(i, j) = 2 and d(u, v) = 2. Suppose x = 00, y = 22. We consider the following paths between x and y:
00, 04, 14, 24, 25, 26, 22; 00, 07, 08, 03, 13, 23, 22; 00, 01, 02, 12, 22; 00, 40, 50, 60, 61, 62, 22; 00, 70, 80, 30, 31,
32, 22; 00, 10, 11, 21, 22.
Thus, for any two vertices x and y in FP 2, there exist six internally vertex-disjoint paths between x and y, and the
length of the longest path does not exceed six, so d6(FP 2)6. 
Theorem 2.2. 2k + 1d3k(FP k)2k + 2.
Proof. From Lemma 2.2, 2k+1d3k(FP k). It sufﬁces to show the right inequality. We show the theorem by induction
on k. Basis: k = 2. It holds by Theorem 2.1. Induction step: we now consider k3. Suppose the theorem is true
for FP i , 3 i(k − 1). Now, we consider any two vertices x = iu, y = jv in FP k . We discuss the following
three cases:
Case 1: x = iu, y = iv. Since in FP k−1 there are 3(k − 1) internally vertex-disjoint paths between u and v, and
the length of the longest path does not exceed 3(k − 1) + 2, we add i to the left of every vertex in these paths to form
internally vertex-disjoint paths between x and y. Let N(i) = {l, m, n} be the adjacent set of i in P . In addition, we
consider the three paths between x and y: from x to lu (or mu, nu), then to lv (or mu, nu) by the shortest path in lFP k−1
(or mFPk−1, nFP k−1), and ﬁnally to y = uv. Since in lFP k−1, d(lu, lv)d(FP k−1) = 2(k − 1), the respective
lengths of the three paths do not exceed d(FP k−1)+22(k−1)+2=2k. So we can ﬁnd 3k internally vertex-disjoint
paths between x and y, and their respective lengths do not exceed 2k + 2.
Case 2: x = iu, y = jv, d(i, j) = 1.
Case 2.1: u = v. Since FP k = P × P × · · · × P = P × FP k−1 = FP k−1 × P , this case is similar to case 1, thus
the result.
Case 2.2: x = iu, y = jv, d(u, v) = 1. By induction on k, we know that there are 3(k − 1) internally vertex-
disjoint paths Pi (i = 1, 2, . . . , 3k − 3) between u and v. Let P1 = uv, then |Pi |2 for 2 i3k − 3. For P1, we
consider iu, iv, jv from x to y, the length is three. Suppose P2 is u,w1, . . . , wl, v. Accordingly, in FP k there is a path
x= iu, iw1, . . . , iwl, jwl, jv=y. For any other Pi(i3) we can ﬁnd paths between x and y by a similar way, so there
exist 3(k − 1) paths in FP k and their respective lengths do not exceed d3(k−1)FP k−1 + 12(k − 1)+ 2+ 1= 2k + 1.
Let l and m be two other adjacent vertices of i in P . In P − {i}, there are two internally vertex-disjoint paths from j to
l and m, respectively, and the length is at most three, and they are denoted by l, l1, . . . , j ; m,m1, . . . , j . We consider
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the following three paths:
P ′1: iu, ju, jv.
P ′2: iu, lu, the shortest path from lu to lv in lFP k−1, ﬁnally to l1v, . . . , jv.
P ′3: iu,mu, the shortest path from muto mv in mFPk−1, ﬁnally to mv,m1v, . . . , jv. |P ′i |d(FP k−1)+ 4= 2k + 2.
We found 3k internally vertex-disjoint (x, y) paths satisfying the result.
Case 2.3: x=iu, y=jv, d(u, v)2. InFP k−1, there are 3(k−1) internally vertex-disjoint paths from u to v and their
respective lengths do not exceed d3(k−1)(FP k−1)+ 2 = 2k. Suppose that the above path Pi is u,w1, . . . , wl, v (l1).
In FP k . we choose a path as follows: iu, iw1, . . . , iwl, jwl, jv, so the length is |Pi | + 1, where |Pi |d3(k−1)FP k−1.
Without loss of generality, suppose i = 0, j = 1. We consider the following three paths:
P ′1: x = 0u, 1u, 2u, the shortest path from 2u to 2v in 2FP k−1, ﬁnally to 1v = y.
P ′2: x = 0u, 4u, the shortest path from 4u to 4v in 4FP k−1, then to 5v, 9v, ﬁnally to 1v = y.
P ′3: x = 0u, 7u, the shortest path from 7u to 7v in 7FP k−1, then to 0v, ﬁnally to 1v = y.
|P ′i |d(FP k−1) + 4 = 2k + 2(i = 1, 2, 3).
Case 3: d(i, j) = 2 and N(i) ∩ N(j) = {k}, N(i) and N(j) are the adjacent set of i and j in P , respectively. Since
when u = v the case is the same as case 1, so we only consider d(u, v)1.
Case 3.1: x = iu, y = jv, d(u, v)= 1. By induction on k. In FP k−1, suppose the 3(k − 1) internally vertex-disjoint
paths arePi (1 i3(k−1)) fromu to v. LetP1=uv, inFP k ,P ′1 is obtained: x=iu, iv, kv, jv. Since |P2|2, suppose
P2 is u,w1, . . . , wl, v (l1), in FP k , let P ′2 be x = iu, iw1, . . . , iwl, kwl, jwl, jv=y, for other Pi (3 i3(k−1))
we can obtain the similar P ′i by the same construction. For any 1 i3(k − 1), |P ′i |2 + d3(k−1)(FP k−1)2k + 2.
Let N(i) = {k, l,m}, N(j) = {k, s, t}. In P , we can ﬁnd two paths: i, l, s, j ; i, m, t, j . Accordingly, we can ﬁnd three
paths as follows:
P ′3k−2: x = iu, ku, ju, jv = y.
P ′3k−1: x = iu,mu, tu, tv, jv = y.
P ′3k: x = iu, lu, su, sv, jv = y.
Thus the result.
Case 3.2: x=iu, y=jv, d(u, v)2. InFP k , we can ﬁnd 3(k−1) internally vertex-disjoint pathsP ′i (1 i3(k−1))
between x and y similar to case 3.1. Let N(i) = {k, l,m}, N(j) = {k, s, t}, let p be an adjacent vertex of k in P , and
p = i, p = j . In P , we can ﬁnd two paths: i, l, s, j ; i, m, t, j . According to this, we consider three paths as follows:
P ′3k−2: x = iu, ku, pu, the shortest path from pu to pv in pFP k−1, then to kv, jv = y.
P ′3k−1: x = iu,mu, tu, the shortest path from tu to tv in tFP k−1 then to jv = y.
P ′3k: x = iu, lu, su, the shortest path from su to sv in sFP k−1, then to jv = y.
The length of the three paths at most is d(FP k−1) + 4 = 2k + 2. Hence the theorem is proved. 
Lemma 2.3. D3k(FP k)2k + 1.
Proof. Let x = 10 . . . , 0, y = 88 . . . , 8, and u = 000 . . . , 0 be three vertices in FP k . Assume that the faulty set
F = N(x) − {u}, where N(x) is the adjacent set of x in FP k . Hence |F | = 3k − 1. In Petersen graph P , d(0, 8) = 2.
In FP k , for u and y there are k different bits between them. So in FP k the length of the shortest path between u and
y is 2k. Since in FP k − F any path from x to y must pass through u, so D3k(FP k)d(u, y) + 1 = 2k + 1. 
For any k-regular k-connection graph G, obviously, we have Dk(G)dk(G). From Lemma 2.3, we have:
Theorem 2.3. 2k + 1D3k(FP k)2k + 2.
4790 X. Tan, J.H. Park / Discrete Mathematics 308 (2008) 4786–4790
For u, v ∈ V (G) we put (following [9])
IG(u, v) = {w ∈ V (G);w lies on a shortest (u, v) path in G}
and call each set IG(u, v) an interval in G. Interval plays a very interesting role when studying some classes of graphs
that contain hypercubes as a subclass. Interval monotone, distance monotone, interval spherical are the three important
metrics for graphs (see [4,2,1]). A subset V ′ of V (G) is convex if IG(u, v) ⊆ V ′ for any u and v in V ′. A graph G is
interval monotone if each interval in G is convex [4]. In the following, we will show that the folded Petersen graph is
interval monotone.
Since in Petersen graph P , the diameter of P is d(P ) = 2, for any two vertices u, v in V (P ), IP (u, v) is a path of
length at most two joining u and v. So for any two vertices w,w′ in IP (u, v), IP (w,w′) ⊆ IP (u, v).
Lemma 2.4. The Petersen graph P is an interval monotone graph.
Lemma 2.5. For any two interval monotone graphsG1 andG2, the Cartesian product ofG1 andG2 is also an interval
monotone graph.
Proof. For any two vertices (u, v), (u′, v′) in V (G1 × G2), we have
IG1×G2((u, v), (u′, v′)) = IG1(u, u′) × IG2(v, v′).
SinceG1 andG2 are intervalmonotone graphs, so for any verticesw1, w2 in IG1(u, u′) andw′1, w′2in IG2(v, v′), we have
IG1(w1, w2) ⊆ IG1(u, u′), IG2(w′1, w′2) ⊆ IG2(v, v′), so IG1×G2((w1, w′1), (w2, w′2))=IG1(w1, w2)×IG2(w′1, w′2) ⊆
IG1(u, u
′) × IG2(v, v′) = IG1×G2((u, v), (u′, v′)). 
Since the folded Petersen graph is the iterative Cartesian product of the Petersen graph, so we now have:
Theorem 2.4. Folded Petersen graph is an interval monotone graph.
3. Conclusion
In this paper, we give the wide diameter and fault diameter of folded Petersen graph, and we show that it is also an
interval monotone graph. There are many interesting problem still unsolved about folded Petersen graph: whether or
not it is a spherical monotone graph? We can easily prove that if we remove any two edges of Petersen graph P , there
exists a Hamilton path (about Hamilton path see [3]) in the resulting graph. Can we say if we remove (3k − 1) edges
in folded Petersen graph the resulting graph also has Hamilton graph? Folded Petersen graph is a pancyclic network:
whether or not it is a vertices-pancyclicity and edge-pancyclicity graph?
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